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ABSTRACT—Scalar and vector partitions of the ranked
probability score, RPS, are described and compared.
These partitions are formulated in the same manner as
the scalar and vector partitions of the probability score,
P8, recently described by Murphy. However, since the
RPS is defined in terms of cumulative probability distri-
butions, the scalar and vector partitions of the RPS pro-
vide measures of the reliability and resolution of scalar
and vector cumulative forecasts, respectively. The scalar
and vector partitions of the RPS provide similar, but not
equivalent (i.e., linearly related), measures of these attri-
butes. Specifically, the reliability (resolution) of cumula-
tive forecasts according to the scalar partition is equal to
or greater (less) than their reliability (resolution) accord-
ing to the vector partition. A sample collection of forecasts

is used to illustrate the differences between the scalar and
vector partitions of the RPS and between the vector
partitions of the RPS and the PS.

Several questions related to the interpretation and use
of the scalar and vector partitions of the RPS are briefly
discussed, including the information that these partitions
provide about the reliability and resolution of forecasts
(as opposed to cumulative forecasts) and the relative
merits of these partitions. These discussions indicate
that, since a one-to-one correspondence exists between
vector and vector cumulative forecasts, the vector partition
of the RPS can also be considered to provide measures of
the reliability and resolution of vector forecasts and that
the vector partition is generally more appropriate than
the scalar partition.

1. INTRODUCTION

Scalar and vector partitions of the probability score,
PS, (Brier 1950) have recently been described and com-
pared (Murphy 1972¢, 1972b). We have demonstrated
that these partitions, which are based upon expressions
for the PS in which forecasts are considered to be scalars
and vectors, respectively, provide similar, but not equiva-
lent (i.e., linearly related), measures of the reliability and
resolution of the forecasts. Specifically, the scalar and vec-
tor partitions of the PS provide measures of the reliability
and resolution of individual probabilities and sets of prob-
abilities, or forecasts, respectively. Measures of these
attributes ® are of interest to meteorologists who are
concerned with the scientific or inferential aspects of the
evaluation of probability forecasts (Winkler and Murphy
1968, Murphy and Winkler 1970).

The PS is a particularly appropriate measure for the
evaluation of forecasts of unordered variables, while the
ranked probability score, RPS, (Epstein 1969)* is a
particularly appropriate measure for the evaluation of
forecasts of ordered variables (Murphy 1970).>% The
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3 We use the terms originally proposed by Sanders (1958) to describe these attributes.
(See Murphy 1972a.)

¢ The RPS was formulated independently by Epstein and Thompson. (See Murphy
1971.)

5 Ordered and unordered variables are variables for which the concept of distance be-
tween values, or states (sec. 2),is and is not meaningful, respectively. Examples of ordered
variables are temperature and precipitation amount; an example of an unordered variable
is the three-state (IN=3) variable, “no precipitation,” “rain,” and “‘snow.”’

purpose of this paper is to describe and compare scalar and
vector partitions of the RPS. These partitions are formu-
lated in the same manner as the scalar and vector par-
titions of the PS. However, the RPS is defined in terms of
cumulative probability distributions. Specifically, the
RPS represents the average of .the sum of the squared
differences between the forecast and observed cumulative
probability distributions, while the PS represents the
average of the sum of the squared differences between the
forecast and observed ‘probability distributions (Murphy
1971). The scalar and vector partitions of the RPS,
therefore, provide measures of the reliability and resolu-
tion of scalar and vector cumulative forecasts, respectively.

In section 2, we define both scalar and vector forecasts
and observations and scalar and vector cumulative fore-
casts and observations, introduce notation to identify
these quantities, and briefly consider the relationships
between forecasts and cumulative forecasts. The RPS
is defined and the expressions upon which the scalar and
vector partititions of the RPS are based are presented in
section 3. The scalar and vector partitions of the RPS are
described in sections 4 and 5, respectively, and these
partitions are compared in section 6. In section 7, we
illustrate the differences between the scalar and vector
partitions of the RPS and between the vector partitions
of the RPS and the PS. Several questions related to the
interpretation and use of the scalar and vector partitions
of the RPS are briefly discussed in section 8, including
the information that these partitions provide about the
reliability and resolution of forecasts (as opposed to cumu-
lative forecasts) and the relative merits of these parti-
tions. Section 9 consists of a brief summary and conclusion.
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2. SCALAR AND VECTOR FORECASTS
AND OBSERVATIONS

The variable of concern is assumed to be an ordered
variable, such as temperature or precipitation amount,
the range of which has been divided into a set of N
mutually exclusive and collectively exhaustive states

{81, ) SN}-

Forecasts and Observations

When the probability assigned to each state on each
occasion is assumed to constitute a separate forecast, we
donote the forecast by a scalar, » (0= r =< 1), and the
relevant observation by a scalar, d, where d=1 if the state
of concern occurs and d=0 otherwise. On the other hand,
when the set of probabilities assigned to the set of IV states
on each occasion is assumed to constitute a forecast, we
denote the forecast by a row veector r=(r, . . ., 74)
(r20, Zr,=1;n=1, . . ., N), where r, is the probability
assigned to state s, on the occasion of concern. Similarly,
we denote the relevant observation by a row vector
d=(d, ... dy), where d,=1 if state s, occurs and
d,=0 otherwise. Note that the vectors r and d represent
probability mass functions, the discrete counterparts of
probability density functions. The vector d is, in reality,
a degenerate probability mass function.

Cumulative Forecasts and Observations

We simply denote a scalar cumulative forecast by a
scalar, R, where R represents the sum of the appropriate
scalar forecasts (i.e., the sum of the appropriate 7s). The
relevant scalar cumulative observation is denoted by a
scalar, D, where D represents the sum of the appropriate
scalar observations (i.e., the sum of the appropriate ds).®
For example, if on a particular occasion the forecast
probabilities (i.e., the scalar forecasts) for a three-state
(N=3) variable are 0.1, 0.7, and 0.2 and state s, occurs
(in which case the scalar observations are 0, 1, and 0),
then the corresponding scalar cumulative forecasts and
observations are 0.1, 0.8, and 1.0 and 0, 1, and 1,
respectively.

We denote the cumulative forecast, which corresponds
to the vector forecast r, by the row vector R=(R,, .. ., By),
where

n
R,=27n (1)
m=1
(n=1, . . ., N). Similarly, we denote the cumulative
observation, which corresponds to the vector observation
d, by the row vector D =Dy, . . ., D), where
n

D=4,

m=1

(2)

(n=1, ..., N). Thus, when the vector forecast and ob-
servation are (0.1, 0.7, 0.2) and (0, 1, 0), respectively,

6 We would have to introduce more complex nctation to describe scalar cumulative
forecasts and observations more precisely.
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the cumulative vector forecast and observation are (0.1,
0.8, 1.0) and (0, 1, 1), respectively. Note that the vectors
R and D represent cumulative probability mass functions,
the discrete counterparts of probability distribution
functions. The vector D is, in reality, a degenerate cumu-
lative probability mass function.

Collections of Forecasts and Observations

The partitions of the RPS of concern in this paper are
based upon the assumption that the probabilities that
constitute the forecasts can assume only a finite set of
values. Specifically, we assume that the collection of
forecasts of concern consists of M scalar or K (=M/N)
vector forecasts and that the probabilities can assume
only S distinct values. When the forecasts are considered
to be scalars, we can identify S distinct forecasts and, as
a result, S subcollections of the collection of M forecasts,
where subcollection s consists of the M® forecasts for

which r,=r" (m=1, .. . M* > M=M; s=1, ..., 8).

For the collection and subcollections of concern, we denote
the relevant observations by d, and d5 (m=1,. . ., M?®),
respectively.

When the forecasts are considered to be vectors, we can
identify T distinct forecasts, where

S —_—
7=y (VT \s—st), ®)
‘ s=1 s—1
in which &)=ua!/[y!(x—y)!] for 0<y<Lz, (§)=1 for z=—1
and y=0, and ()=0 otherwise.” Thus, we can identify
T subcollections of the collection of K forecasts, where

subcollection ¢ consists of the K* forecasts for which
n=r'k=1,.. . K'; > K'=K;t=1, . . ., T),in which
t

=g . .. ra and r'=(@% . . ., r4). For the collec-
tion and subcollections of concern, we denote the relevant
observations by d; and di (k=1, . . ., K*), respectively,
where dk—_— (dlky . 0 ey de) and d15=(dfk, SR dItVIc).

Forecasts and Cumulative Forecasts

As previously indicated, the partitions of the RPS
provide measures of the reliability and resolution of
cumulative forecasts (secs. 4 and 5). However, meteorolo-
gists are primarily concerned with the reliability and
resolution of forecasts. Thus, the relationships between
forecasts and cumulative forecasts are of considerable
interest.

With regard to the relationship between scalar and
scalar cumulative forecasts, we are concerned, in particular,
with the relationship between the S subcollections of
scalar forecasts, where subcollection s consists of the M?*
forecasts for which r,=7r* (m=1, . .., M*; ZM°'=M;
s=1,...,8), and the S* subcollections of scalar cumula-

7 Equation (3) is valid only if the set of S distinct scalar forecasts r* (=1, .. ., §) in-
cludes the values zero and one and if the difference between adjacent probability values
is constant. For example, if this difference is 0.1 in a three-state (ZNV=3) situation, then
S§=11 and r*=0.0(0.1)1.0 and, as a result, 7=66 and r'=(1.0, 0.0, 0.0), (0.9,0.1,0.0), . . .,
(0.0, 0.0, 1.0).



tive forecasts, where subcollection s* consists of the M
cumulative forecasts for which R,=R* (m=1, ..., M*;
SM*=M; s*=1, ..., S8*%). Note that the number of
a.

distinet forecasts and cumulative forecasts, S and S%
respectively, are generally not equal. Further, even if §
and S* are equal, neither the forecasts and cumulative
forecasts, r* and R**, respectively, which define the subcol-
lections of scalar and scalar cumulative forecasts, nor the
number of forecasts and cumulative forecasts, M* and M*",
respectively, in the subcollections of scalar and scalar cu-
mulative forecasts are generally equal.® For example, if on
a particular occasion the scalar forecasts for a three-state
(N=3) variable are 0.2, 0.6, and 0.2 (in which case the
scalar cumulative forecasts are 0.2, 0.8, and 1.0), then
S=2, "=0.2 and 7*=0.6, and M'=2 and M?=1 for scalar
forecasts and S*=3, m"=0.2, r*=0.8, and #=1.0, and
M!'=M?*=M3=1 for scalar cumulative forecasts. Thus, a
one-to-one correspondence does not generally exist between
the subcollections of scalar and scalar cumulative forecasts.

With regard to the relationship between vector and
vector cumulative forecasts, we are particularly concerned
with the relationship between the T subcollections of
vector forecasts, where subcollection ¢ consists of the K*

forecasts for which r,=r* (k=1, ..., K*; EK'=K; t=
t

1,..., T) and the T™ subcollections of vector cumulative
forecasts, where subcollection #* consists of the K**
cumulative forecasts for which R,=R* (k=1, ..., K*;
;:K“=K; t*=1, ..., T%). Note that the number of

distinct forecasts and cumulative forecasts, 7' and 7%,
respectively, is equal. Further, note that, while the fore-
casts and cumulative forecasts, r’ and R, respectively,
which define the subcollections of vector and vector
cumulative forecasts, are generally not equal, we can
identify for each subcollection, ¢, of K* forecasts for which
r,=r‘, a subcollection, t*, of K" cumulative forecasts for
which R,=R*", where, from eq (1),

B,"= 31k, (4)
m=1

Finally, note that the number of forecasts and cumulative
forecasts, K* and K**, respectively, in the subcollections
of vector and vector cumulative forecasts is equal. For
example, if on two occasions the vector forecasts for a
three-state (IN=3) variable are (0.1, 0.7, 0.2) and (0.2,
0.6, 0.2), in which case the vector cumulative forecasts are
(0.1, 0.8, 1.0) and (0.2, 0.8, 1.0), then T=2, r'=(0.1, 0.7,
0.2) and r’=(0.2, 0.6, 0.2), and K'=K?=1 for vector
forecasts and T*=2, R'=(0.1, 0.8, 1.0) and R*=(0.2, 0.8,
1.0), and K'=K?=1 for vector cumulative forecasts.
Thus, & one-to-one correspondence exists between the
subcollections of vector and vector cumulative forecasts.
Similarly, a one-to-one correspondence exists (does not
exist) between the subcollections of vector (scalar) and
vector (scalar) cumulative observations.

8 The subcollections s and $* represent any arbitrary subcollections in their respective
collections.

3. THERPS

The RPS for a collection of K vector forecasts r, and
the K relevant observations d; can be defined as
1 K IV n n 2
RES(r, =233 (S du) )
k=1n=1 \m=1 m=1

(Murphy 1971). The range of RPS(r, d) in eq (5) is the
closed interval [0, N—1]. In this regard, note that on each
occasion the Nth term in eq (5) equals zero and the sum
of the remaining N—1 terms attains a maximum value of

N—1 when each term equals one.

RPS (r, d) in eq (5) is expressed in terms of cumulative
forecasts and observations (sec. 2). Thus, the scalar and
vector partitions of the RPS must be formulated in terms
of cumulative forecasts and observations. With regard

to the scalar partition, note, from eq (1) and (2), that
RPS (r, d) in eq (5) can be expressed as

1 K N
RPS(r, d)=KZ‘, S (Ru—D,w) (6)

k=1 n=1

RPS (r, d) in eq (6) is the expression upon which the scalar
partition of the RPS is based (sec. 4).

With regard to the wvector partition, note that
RPS (r, d) in eq (6) can be expressed in vector notation as

RPS (1, =33 (R—D) (Re=DY (1)

where a prime denotes a column vector. RPS (r, d) in eq
(7) is the expression upon which the vector partition of the
RPS is based (sec. 5).

4. SCALAR PARTITION

In the scalar framework, we have M(=KN) scalar
cumulative forecasts, R, and the M relevant scalar cumu-
lative observations, D, (m=1, . . ., M).* We denote the
RPS in this framework by RPS(R, D), where, from eq (6),

RPS(E, D)=3; > (Ru—Da)". ®

Note that the range of RPS(R, D) in eq (8) is the closed
interval [0, (N—1)/N].

The scalar partition of the RPS is based upon the
assumption that a finite set of .S distinct scalar cumulative
forecasts, R® (s=1, ..., S), exists and that S distinct sub-
collections of these forecasts can be identified, where sub-
collection s consists of the M°® cumulative forecasts for
which R,=R* (m=1, . . ., M?*). See section 2. We denote
the M and M® relevant cumulative observations by D,
and Dy, (m=1, . . ., M®), respectively. Then, since the
expression for RPS(R, D) in eq (8) is, in essence, identical
to the expression upon which the scalar partition of the

? The scalar cumulative forecast Rm and observation Dm represent the sums of one or
more scalar forecasts rm and observations dm, respectively (sec. 2).
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PS is based (Murphy 19725),!° the scalar partition of the
RPS can be expressed as

S — 8 — =
RPS(R, D)=A—14 > M@®—D' +Ai4 > MDD
9

where
7'=L D
_M"mz=1 "

The two terms on the right-hand side (RHS) of eq (9)
represent measures of the reliability and resolution,
respectively, of scalar cumulative forecasts. (See Murphy

1972a, footnote 11.)

5. VECTOR PARTITION

In the vector framework, we have K(=M/N) vector
cumulative forecasts, R;, and the K relevant vector
cumulative observations, Dy, (k=1, ., K). We denote
the RPS in this framework by RPS(R, D), where, from

eq (7),

1 K
RPS(R: D)=Kk2=1 (Rk_Dk)(Rk_Dk)’- (10)
Note that the range of RPS(R D) in eq (10) is the closed

interval [0, N—1].

The vector partition of the RPS is based upon the
assumption that a finite set of 7" distinct vector cumulative
forecasts, R* (t=1, ..., T), exists and that T distinct sub-
collections of these forecasts can be identified, where sub-
collection ¢ consists of the K* cumulative forecasts for
which R,=R* (k=1, . . ., K*). We denote the K and K*
relevant cumulative observations by D, and D! (k=1,

.., Kb, respectlvely Then, since the expression for
RPS(R D) in eq (10) is, in essence, identical to the
expression upon which the vector partition of the PS is
based (Murphy 19725), the vector partition of the RPS
can be expressed as

' T — —_
RPS(R, D)=%ZK‘(R‘—D‘)(R‘—-D‘)'
t=1
+5 2 KD U-Dy
t=1
where
= 1 &
D =Kt ,; DIC

and U is a row vector with N elements all equal to one;

that is, U=(1, .. ., 1). The two terms on the RHS of eq
(11) represent the measures of the reliability and resolu-
tion, respectively, of vector cumulative forecasts.

6. SCALAR AND VECTOR PARTITIONS:
A COMPARISON

Hereafter, for comparative purposes, we denote the
vector partition of the RPS by RPS*(R, D), where

10 Of course, the expression for the PS8 relates to forecasts and observations; the expres-

sion for the RPS relates to cumulative forecasts and observations.
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RPS*(R, D)=(1/N)RPS(R, D). Note that the range of
RPS*(R, D) is the closed interval [0, (N—1)/N].

The expressions for the scalar and vector partitions of
the RPS, RPS(R, D), and RPS*(R, D), respectively, are
identical to the expressions for the scalar and vector par-
titions of the PS (Murphy 19725), except that the former
relate to cumulative forecasts and observations while the
latter relate to forecasts and observations. We compare the
terms in the expressions for RPS(R, D) and RPS*(R, D)
in the same manner as that in which we compared the
terms in the expressions for the scalar and vector partitions
of the PS.

The scalar partition of the RPS, RPS(R, D) [eq (9)],
can be expressed as

RPS(R, D)=—;Z[il Me(Re)—2 }f;l) MRD
+2 MDY |t | MT -2 @'y |
8=1 M g=1 8=1
(12)

Let S1 and S2 denote the two sets of terms on the RHS of
eq (12) and let S11, S12, and S13 and S21 and S22, respec-
tively, denote the terms that constitute these sets. Then,

S1=811+48124-S13 (13)
and
S2= 8214822, (14)
and, since S13=—522,
RPS(R, D)=S11+812+821. (15)

.'The vector partition of the RPS, RPS*(R, D) eq (11)],

can be expressed as
1 T N
RPS*(R, D)=, [ZK‘Z(R 22 ZK‘ ZR‘D
NK t=1 n=1

o]
(16)

K SN (DL KD, >
+ 2K 33 n)]+NK|:Z ~S K

t=1

Let V1 and V2 denote the two sets of terms on the RHS
of eq (16) and let V11, V12, and V13 and V21 and V22,
respectively, denote the terms that constitute these
sets. Then,

V1=V114V124V13 17)
and
V2=V214V22, (18)
and, since V13=—V?22,
RPS*(R, D)=V11+4+ V124 V21, (19)

A comparison of the terms in the expressions for the
scalar and vector partitions of the RPS indicates that
S11=V11, S12=V12, and S21=V21 and that S13=<V13
(appendix). Thus, from eq (15) and (19),

RPS(R, D)=RPS*(R, D) (20)



TasLE 1.—A sample collection of forecasts and the relevant observations
for a three-state (N=23) variable when the forecasts and observations
are considered to be scalars

TaBLE 2.—A sample collection of forecasts and the relevant observations
for a three-state (N =3) variable when the forecasts and observations
are considered to be vectors

Forecast/ Cumulative Cumulative Forecast/ Cumulative Cumulative
observ%tion Forecast Observation forecast observation observzt:)tion Forecast Observation forecast observation
numbper number
m r. d_ R, D, k r, d, R, D,
. 1 (0.1, 0.3, 0.6) 0, 0, 1 0.1, 0.4, 1.0) ©, 0, 1)
1 0.1 0 0.1 g 2 0.1, 0.7, 0.2) ©, 1,0 .1, 0.8, 1.0) ©, 1,1
2 -3 0 0.4 3 ©.3 05 02 (1,0 (03 08 10 © 1,1
3 .6 1 1.0 1 4 (0.5, 0.4, 0.1) ©, 1, 0 ©.5, 0.9, 1.0) © 1,1
4 .1 0 0.1 0 5 0.7, 0.3, 0.0) 1, 0, 0) 0.7, 1.0, 1.0) 1,1, 1
5 7 1 0.8 1 6 .6, 0.1, 0.3) ©, 0, 1) (0.6, 0.7, 1.0) © 0, 1)
' 0 1 7 0.5, 0.4, 0.1) , 0, 0) (0.5, 0.9, 1.0) 11,1
6 -2 0 L 8 0.1, 0.8, 0.1) ©, 1, 0) 0.1, 0.9, 1.0) 0 1,1
7 .3 0 0.3 0 9 (0.1, 0.6, 0.3) © 0 1 (0.1, 0.7, 1.0) 0,0, 1
8 .5 1 0.8 1 10 ©.1, 0.7, 6.2) ®© 01 ©.1, 0.8, 1.0) ©, 0, 1)
9 .2 0 1.0 1
10 .5 0 0.5 0
11 -4 1 0.9 1 TABLE 3.—The scalar partition of the RPS for the sample collection
lg . ; 0 L 2 1 of cumulative forecasts and observations presented in table 1
1 . 1 0. 1
14 .3 0 1.0 1 Cumulative
15 0 0 1.0 1 Subeollection Cumulative Number of  observed  Subcollection Subcollection
: : number forecast forecasts relative reliability resolution
16 .6 0 0.6 0 frequency
17 .1 0 0.7 0 , —_ ;= — =
18 .3 1 1.0 1 8 R M D M'(R'-D)* M'DQ-D)
19 -5 1 0.5 ! 1 0.1 5 0.00 0.05 0.00
20 -4 0 0.9 1 2 .3 1 .00 .09 .00
21 .1 0 1.0 1 3 .4 1 .00 .16 .00
22 .1 0 0.1 0 4 .5 2 .50 .00 .50
23 -8 L 0.9 ! 6 7 3 e oo o
24 -1 0 L0 1 7 .8 3 .67 :05(3) :66(7)
25 .1 0 0.1 0 8 .9 3 1.00 .03 .00
26 .6 0 0.7 0 9 1.0 11 1.00 .00 .00
27 .3 1 1.0 1 Total 30 1.14(7) 1.83(3)
28 1 0 0.1 0 Average 0.038(2) 0.081(1)
29 .7 0 0.8 0
30 .2 1 1.0 1

while, from eq (13) and (17),

Vi—8S1=0 (21)
and, from eq (14) and (18),
V2—82=0. (22)

Therefore, the value of the reliability term for scalar fore-
casts is generally less than that for vector forecasts while
the value of the resolution term for scalar forecasts is
generally greater than that for vector forecasts. That is,
if a collection of forecasts is considered to consist of
scalar forecasts, then the collection will appear, in general,
to have more reliability and less resolution than if the
collection is considered to consist of vector forecasts.

7. SCALAR AND VECTOR PARTITIONS:
A SAMPLE COLLECTION OF FORECASTS

To illustrate the differences between (1) the scalar and
vector partitions of the RPS and (2) the vector partitions
of the RPS and the PS, we consider a sample collection of
probability forecasts for a three-state (N=3) variable.!

11 The RPS and the PS are equivalent for two-state (N=2) variables. (See Murphy
1970, p. 918)

TaBLE 4.—The vector partition of the RPS for the sample collection
of cumulative forecasts and observations presented in table 2

Subeol- Number Cumulative
lection Cumulative of observed Subcollection  Subcollection
number forecast forecasts relative reliability resolution
frequency
E(Ri-D)
t R' g i) XR-D)Y KB U-DY
1 0.1, 0.4, 1.0) 1 (0.0, 0.0, 1.0) 0.17 0.00
2 0.1, 0.7, 1.0) 1 0.0, 0.0, 1.0) .50 .00
3 0.1, 0.8, 1.0) 2 0.0, 0.5, 1.0) .20 .50
4 0.1, 0.9, 1.0) 1 0.0, 1.0, 1.0) .02 .00
5 0.3, 0.8, 1.0) 1 (0.0, 1.0, 1.0) .13 .00
6 0.5, 0.9, 1.0) 2 0.5, 1.0, 1.0) .02 .50
7 0.6, 0.7, 1.0) 1 (0.0, 0.0, 1.0) .85 .00
8 0.7, 1.0, 1.0) 1 (1.0, 1.0, 1.0) .09 .00
Total 10 1,98 1.00
Average* 0.066 0.033(3)

*This average is computed on the basis of NK=30 forecasts (sec. 6).

The forecasts and cumulative forecasts and the relevant
observations and cumulative observations are presented in
tables 1 and 2 as scalars and vectors, respectively.

Scalar and Vector Partitions of the RPS

The scalar partition of the RPS for these cumulative
forecasts is presented in table 3. Note that the values of
the terms S1 (reliability) and S2 (resolution) are 0.038(2)
and 0.061(1), respectively, and that their sum [i.e.,
RPS(R, D)] equals 0.099(3). The vector partition of the
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TaBLe 5.— The vector partition of the PS for the sample collection of
forecasts and observations presented in table 2

Subcol- Number Observed Subcollection Subceollection
lection Forecast of relative reliability resolution.
number forecasts frequency
. K‘(r‘—a:) . ,
t rt Kt d X(rt-d)  K'd (u~d)’
1 0.1, 0.3, 0.6) 1 0.0, 0.0, 1.0) 0.26 0.00
2 0.1, 0.6, 0.3) 1 0.0, 0.0, 1.0) .86 0.00
3 0.1, 0.7, 0.2) 2 (0.0, 0.5, 0.5) .28 1.00
4 (0.1, 0.8, 0.1) 1 (0.0, 1.0, 0.0) .06 0.00
b .3, 0.5 0.2) 1 0.0, 1.0, 0.0) .38 0.00
6 0.5, 0.4, 0.1) 2 0.5, 0.5, 0.0) .04 1.00
7 0.6, 0.1, 0.3) 1 0.0, 0.0, 1.0) .86 0.00
8 (0.7, 0.3, 0.0) 1 (1.0, 0.0, 0.0) .18 0.00
Total 10 2.92 2.00
Average* 0.097(3) 0.066(7)

*This average is computed on the basis of NK =30 forecasts. (See footnote 13.)

RPS for these cumulative forecasts is presented in table 4.
Note that the values of the terms V1 (reliability) and V2
(resolution) are 0.066 and 0.033(3), respectively, and that
their sum [i.e., RPS*(R, D)] also equals 0.099(3). Thus,
as indicated in eq (21) and (22), V1(0.066) >S1(0.038)
and V2(0.033) £82(0.061). Note that, for this collection of
cumulative forecasts, the resolution term is almost twice
as large as the reliability term according to the scalar par-
tition while the reliability term is twice as large as the
resolution term according to the vector partition.'?

Vector Partitions of the RPS and the PS

The vector partition of the PS for these forecasts is
presented in table 5. Note that the values of the reliability
and resolution terms are 0.097(3) and 0.066(7), respec-
tively, and that their sum [i.e., PS*(r, d)] equals 0.164.2
Since the vector partition of the RPS also provides
measures of the reliability and resolution of vector fore-
casts (sec. 8), a comparison of the relative values of the
reliability and resolution terms for the RPS and the PS
is of some interest.* Note that the distribution of the
score between these terms indicates that this collection
of forecasts has relatively less reliability and more resolu-
tion according to the RPS than according to the PS.

8. INTERPRETATION AND USE OF SCALAR
AND VECTOR PARTITIONS: DISCUSSION

A number of questions arise in connection with the
interpretation and use of the scalar and vector partitions
of the RPS. For example: (1) What information, if any,
do these partitions provide about the reliability and

12 In reality, the scalar and vector partitions of the RPS provide measures of the reli-
ability and resolution of individual cumulative probabilities and sets of cumulative proba-
bilities, or cumulative forecasts, respectively.

- -
13 The vector partition of the PS is PS(r, d), where PS(r, d)=(1/K)ZK!(rt—ad ) (rt—d )’
i

+HUK)ZK'E (u=3Y(=1, . . , T), in which &' =(/K)Zd;(k=1, . . ., K') andu isa

row vector with NV elements all equal to one; that is, u=(1, . . ., 1) (Murphy 19726), For
comparative purposes, we denote the vector partition of the PS by PS*(r, d), where
P8*(r, d)=(1/N)P8(r, d). Note that the range of PS*(r, @) is the closed interval [0, 2/N].

1t RP3*(R, D)<PS*(r, d) for all collections of forecasts for three-state (IN=3) variables
(Murphy 1970, p. 921).
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resolution of forecasts (as opposed to cumulative fore-
casts)? (2) Which partition should a meteorologist use in
forecast evaluation studies? (3) How sensitive are the
results of such studies to the particular partition used?
(4) What effects, if any, do the differences between scalar
and vector cumulative forecasts have upon the sample
size of a collection of forecasts? Several of these questions
have been discussed in some detail in connection with the
partitions of the PS (Murphy 1972a, 1972b) and, since the
conclusions reached in those discussions also appear to be
valid for the partitions of the RPS, we consider those
questions only briefly in this paper.

With regard to the first question, we indicated in section
2 that a one-to-one correspondence exists between vector
and vector cumulative forecasts. Thus, the vector partition
of the RPS can be considered to provide measures of the
reliability and resolution of vector forecasts as well as
vector cumulative forecasts. For example, the subcollec-
tion reliability (0.20) and resolution (0.50) for the cumu-
lative forecast R“=(0.1, 0.8, 1.0) (table 4) can also be
considered to represent the subcollection reliability and
resolution for the forecast r'=(0.1, 0.7, 0.2).1% On the other
hand, we also indicated that a one-to-one correspondence
does not exist between scalar forecasts and scalar cumu-
lative forecasts. Thus, the scalar partition of the RPS
does not necessarily provide measures of the reliability and
resolution of scalar forecasts. For example, note that the
subcollection of three cumulative forecasts for which
R*=0.8 (table 3) corresponds to six forecasts from four
subcollections, two for which »=0.1, one for which r*=
0.3, one for which r*=0.5, and two for which »*=0.7.

The question of which partition of the PS a meteorolo-
gist should use has recently been considered from both a
scientific and an economic point of view (Murphy 1972a,
1972b). We concluded that the vector partition generally
appeared to be more appropriate than the scalar partition
from both points of view, and we believe that this conclu-
sion is equally valid for the partitions of the RPS. In
addition, as indicated above, the vector partition of the
RPS provides measures of the reliability and reso-
lution of vector, as well as vector cumulative, forecasts.

With regard to the third question, the scalar and vector
partitions of the RPS have not been applied to any large
collections of forecasts. Therefore, information relative
to the differences between these measures of reliability and
resolution for such collections is not presently available.
However, as indicated in section 7, the differences between
these measures can be substantial for small collections of
forecasts.

With regard to the fourth question, consider a situation
in which we have a collection of K vector or M (=NK)
scalar cumulative forecasts for an N-state variable and
suppose that K=100, N=3, and r*=0.0(0.1)1.0. Then,
M=300 and § and 7, the number of distinct scalar and
vector cumulative forecasts, equal 11 and 66 [from eq
(3)], respectively. Thus, in the scalar framework, we have

15 Note, from eq (4), that r,=R¥—R"" | (n=1, ..., N; R} =0).



300 cumulative forecasts in 11 subcollections while in the
vector framework we have 100 cumulative forecasts in
66 subcollections. Therefore, for small collections of fore-
casts, the number of vector cumulative forecasts may not
be sufficient to obtain reasonable estimates of the reli-
ability and resolution of certain cumulative forecasts. One
possible solution to this problem would be to combine
those subcollections that correspond to ‘“‘adjacent” fore-
casts with the subcollection that corresponds to the fore-
cast of concern. Such a procedure can be expected to pro-
vide reasonable estimates of these attributes for most, if
not all, vector cumulative forecasts. We discuss this
problem in greater detail for the PS in Murphy (19725).1

9. CONCLUSIONS

In this paper, we have described and compared scalar
and vector partitions of the RPS. These partitions have
been formulated in the same manner as the scalar and
vector partitions of the PS recently described by Murphy
(1972a, 1972b). However, since the RPS is defined in terms
of cumulative forecasts, the scalar and vector partitions
of the RPS provide measures of the reliability and resolu-
tion of scalar and vector cumulative forecasts, respectively.
The scalar and vector partitions of the RPS provide
similar, but not equivalent (i.e., linearly related), measures
of these attributes. Specifically, the reliability (resolution)
of cumulative forecasts according to the scalar partition
is equal to or greater (less) than their reliability (resolu-
tion) according to the vector partition. We have illustrated
the differences between the scalar and vector partitions of
the RPS and between the vector partitions of the RPS
and the PS in terms of a sample collection of forecasts for
a three-state (N=3) variable.

We have briefly discussed several questions related to
the interpretation and use of the scalar and vector parti-
tions of the RPS. In particular, we have indicated that,
since a one-to-one correspondence exists between vector
and vector cumulative forecasts, the vector partition of
the RPS can also be considered to provide measures of the
reliability and resolution of vector forecasts and that the
vector partition appears to be more appropriate than the
scalar partition from both a scientific and an economic
point of view. Thus, the vector partition of the RPS will
be of particular interest to meteorologists who are con-
cerned with the reliability and resolution of probability
forecasts of ordered variables.

APPENDIX

We present the expression for the difference between the
terms S13 and V13 in the scalar and vector partitions of
the RPS, respectively. This expression is obtained in the
same manner as the expression for the difference between

16 The appropriate framework within which to depict vector forecasts and observations
is a regular (N—1)-dimensional simplex (Pontryagin 1952, pp. 10-12, Murphy 1972e,
1972b); the appropriate framework within which to depict vector cumulative forecasts
and observations is an N-dimensional unit hypercube.

]
TaBLE 6.—The difference bewween the terms S13 and V13 in the scalar
and vector partitions of the RPS, respectively, for the cumulative
forecasts presented in table 1. [See eq (23).]

—tp

8 R Me Ts Kt Nts D D1(sy D2(s)
1 0.1 5 4 1,121 1,1,1,1 0.0,0.0.0.0,0.0 0.00 0.00
2 .3 1 1 1 1 0.0 .00 .00
3 .4 1 1 1 1 0.0 .00 .00
4 .5 2 1 1 1 0.5 .00 .00
5 .6 1 1 1 1 0.0 .00 .00
6 .7 3 3 1,1,1 1,1,1 0.0,0.0.1.0 .00 66(7)
7 .8 3 2 2,1 1,1 0.5,1.0 .00 16(7)
8 .9 3 2 1,2 1,1 1.0,1.0 .00 .00
9 1.0 11 8 11,21, 1,111, 1.0,1.0,1.0,1.0,1.0, .00 .00
1,2,1,1 1,1,1,2 1.0,1.0,1.0,1.0
Total 30 0.00 0.83(3)
Average 0.00 0.027(8)

the corresponding terms in the scalar and vector partitions
of the PS (Murphy 1972b).

Let T* denote the number of distinet cumulative
forecasts, R?, in the collection of vector cumulative fore-
casts of concern for which R:=R* for some n (t=1,
T*); let N** denote the number of states in R? for whlch
Ri=R* (n=1, N**); let K** denote the number
of forecasts, R;, in the subcollection of K* vector cumulative
forecasts for which R,=R* (k=1, , K%, in which

=R* for some n; and let D{* denote an arbitrary
observation in the relevant subcollection of K vector
cumulative observations in which Dis=(Dhs, .. .,
Dy (k=1, , K**). Then, the difference between
the terms S13 and V13 can be expressed as

thea g Nt.» —t,8

T
V13—813= M Z GO IS I
= n=l n'=ntl
s ] -1 T
+Zm 3 KWK
= =1 ¢=t+1
% Nt NY.e (ﬁés_ﬁi;;’)z], (23)
n=1 n'=]
where
'D"t"’__L % Dt.s
N 7Ol =
Note, from eq (23), that
V13— S1320. (24)

Further, note that equality holds in eq (24) only if either
Nts=1 or 5:{3=ﬁ,{f for all n, n/, ¢, and s n} D1, the first
term on the RHS of eq (23), and if 5:{3= Ei{/s for all n, n’,
t, ¢, and s in D2, the second term on the RHS of eq (23).

In table 6, we present the computation of the difference
between the terms S13 and V13, as expressed in eq (23), for
the collection of forecasts presented in tables 1 and 2. For
example, for s=6, D1(6)=0.00 (since N**=1 for =1, 2,
and 3) and D2(8)=(1/3){(1){1)(0.0—0.0)>+(1)(1)(0.0—
1.0)24(1)(1)(0.0—1.0)3=0.66(7). Note that, as indicated
in section 7, V13—813=0.027(8) (cf. tables 3 and 4).
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